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Abstract
Quantum theory is proposed of high energy electrons scattering in ultrathin crystals. This theory is based upon a special
representation of the scattering amplitude in the form of the integral over the surface surrounding the crystal, and on
the spectral method of determination of the wave function. The comparison is performed of quantum and classical
differential scattering cross-sections in the transitional range of crystal thicknesses, from those at which the channeling
phenomenon is not developed up to those at which it is realized. It is shown that in this thickness range the quantum
scattering cross-section, unlike the classical one, contains sharp peaks corresponding to some specific scattering angles,
that is connected with the diffraction of the incident plane wave onto the periodically distributed crystal atomic strings.
It is shown that the value of the scattering cross-section in the peaks varies periodically with the change of the target
thickness. We note that this must lead to a new interference effect in radiation that is connected with the rearrangement
of incident wave packet in transitional area of crystal thicknesses.
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1. Introduction
At passing of high energy charged particles through
crystals the phenomenon of channeling is possible, at which
the particles move inside the channels formed by crystal
atomic strings or atomic planes, being periodically devi-
ated to small angles from the channel direction [1, 2]. In
ultrathin crystals there is no room for channeling phe-
nomenon to be developed (see Fig. 1). However, there
remains the possibility of appearance of several coherence
and interference effects at interaction of particles with crys-
tal atoms (at high energies the attention to this fact was
paid in the works [3–5]). Such phenomena take place in
several electromagnetic processes at high energies in crys-
tals, such as scattering, radiation and electron-positron
pairs creation (see [2, 6] and references therein).
The present work is devoted to the development of clas-
sical and quantum theories of high energy charged parti-
cles scattering in transitional range of crystal thicknesses,
from those at which the channeling phenomenon is not
developed, up to those at which this phenomenon is re-
alized. Quantum theory is based upon the special rep-
resentation of the scattering amplitude [7] in the form of
the integral over a surface surrounding the region of in-
fluence of external crystal field onto the particle (in the
considered problem this corresponds to the field of entire
crystal), and upon the development of numeric methods of
calculating of the wave function inside the crystal, that is
realized by using the so-called spectral method of solving
∗Corresponding author, e-mail: shulga@kipt.kharkov.ua
wave equations [8–10]. The classical theory is based upon
the solution of the particle motion equation by numerical
methods [11]. The main attention was paid to the compar-
ative analysis of quantum and classical characteristics of
the scattering process at different crystal thicknesses and
particle energies.
(a) (b)
Figure 1: Scattering in channeling regime (a) and in ab-
sence of channeling (b).
In the last years new possibilities have opened to carry
out experimental research in this field, that is connected
with the development of technologies of ultrathin crystals
production for the accelerator experiments, and improving
of the beam parameters [12, 13]. Due to this, one can
speak now about discovering quantum and classical effects
in scattering discussed in the present paper.
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2. Quantum Theory
Let us consider the scattering of relativistic electrons
incident onto a thin crystal along one of its crystal axes.
Differential scattering cross-section and scattering ampli-
tude in this case are defined by the following formulas [2]:
dσ
do
= |a (ϑ)|2, (1)
a (ϑ) = − 1
4pi~2
∫
d3r e−
i
~p
′ru′γ0U (r)ψ (r). (2)
where ϑ is the scattering angle, ψ(r) – the wave function
of the electron passing through the crystal, u′ and p′ –
respectively bispinor and momentum of the scattered elec-
tron, and U(r) – the potential energy of interaction of the
electron with the crystal lattice field (we use the system
of units in which the light velocity is equal to one, c = 1).
At falling of fast particles onto the crystal along one of
its axes (we will name it z axis) the correlations between
consequent collisions of the particle with the lattice atoms
are substantial. As a result of these correlations, the parti-
cle motion is defined mainly by the continuous potential of
crystal atomic strings situated parallel to the z axis, being
the lattice potential averaged along this axis [1, 2]:
Uc (ρ, z) =
1
L
L∫
0
dz U (r), (3)
where L is the crystal thickness and ρ – the co-ordinates
(x, y) in the plane orthogonal to the z axis.
The crystal lattice potential is localized in the region
of the external field action onto the particle. The scat-
tering amplitude (2) in this case, with use of the Gauss
theorem, can be presented in the form of integral over a
closed surface surrounding the external field region [7]:
a (ϑ) = − i
4pi~
∮
dS e−
i
~p
′r u′ γ ψ (r), (4)
where dS is the element of the surface surrounding the
crystal. It is also substantial that the surface integral in
(4) does not depend on the surface form, and the only
requirement here is that this surface surround the entire
area of the external field action. In the considered problem
it is convenient to choose as such a closed surface a cylinder
whose bases coincide with the crystal sides. By neglecting
the contribution of the cylinder lateral side parallel to the
z axis in the surface integral (4), we come to the following
expression for the scattering amplitude (4):
a (ϑ) = − i
4pi~
∫
d2ρ e−
i
~p
′r u′ γz ψ (r)
∣∣∣z=L
z=0
. (5)
Before entering into the crystal, the electron wave func-
tion is represented as the plane wave ψ (r)|z<0 = up exp
(
i
~pr
)
defined by the initial momentum p and bispinor up. Due
to this, the contribution of the term with z = 0 into
the amplitude (5) for non-zero scattering angles disap-
pears. Here, by detaching in the wave function ψ(r) the
plane wave factor of the particle falling onto the crystal
ψ (r) = Φ (r) exp
(
i
~pr
)
, we write down the scattering am-
plitude in the form:
a (ϑ) = − i
4pi~
∫
d2ρ e
i
~qr u′ γz Φ (r)
∣∣∣
z=L
, (6)
where q = p − p′ is the momentum transmitted to the
crystal at scattering.
The electron wave function in the external field U(r)
is a solution of the squared Dirac equation [2][
(ε− U (r))2 − (i~∇)2 −m2 + i~α∇U (r)
]
ψ (r) = 0,
(7)
where m and ε are the particle mass and energy respec-
tively, and α = γ0γ.
For Φ (r) we come to the following equation:
i~v∂zΦ =
[
pˆ2
2ε
+ U (r)− i~
2ε
α∇U (r)− U
2
2ε
]
Φ, (8)
where v = p/ε is the particle velocity, pˆ = −i~∇ is the
momentum operator and the z axis is directed along p.
Characteristic values for the scattering angles of high
energy electrons in thin crystal are small compared to one.
In this case, by resolving the Eq. (8), we can neglect the
spin effects in scattering (spin-field interaction) and the
terms proportional to U2
/
2ε and pˆ2z
/
2ε. So, by selecting
the plane wave bispinor u0 in the function Φ (r),
Φ (r) = ϕ (r)u0, (9)
we get the following equation for ϕ (r):
i~v∂zϕ =
[
pˆ2⊥
2ε
+ U (r)
]
ϕ, (10)
where pˆ⊥ = −i~ ∂∂ρ .
The solution of (10) inside an ultrathin crystal can
be found with use of numerical methods based upon the
spectral method that has been used for determining eigen-
states in the complicated configuration fields [8–10]. By
using this solution for the wave function ϕ (ρ, z) at z = L,
the scattering cross-section and amplitude in the region of
small scattering angles can be written in the form:
d2σ
d2ϑ
= |aL (q⊥)|2, (11)
aL (q⊥) = − ip
2pi~
∫
d2ρ e
i
~q⊥ρϕ (ρ, L), (12)
where q⊥ = pϑ is the transversal component of the mo-
mentum transmitted to the crystal and ϑ = (ϑx, ϑy) is
the scattering angle (ϑ 1). Here we used the facts that
at small scattering angles u′γzup ≈ 2pz ≈ 2p and that
2
the factor exp (iqzL) in (6) disappears in the scattering
cross-section.
3. Classical Theory
Now let us consider the fast electrons scattering in thin
crystal on the basis of the classical mechanics. The particle
motion in this case is defined by its classical trajectory,
being the solution of classical equations of motion, and
satisfies to the given initial conditions.
The differential scattering cross-section in classical me-
chanics corresponds to the elementary surface in the im-
pact parameter space, from which the particle is scattered
into the elementary solid angle do ≈ d2ϑ:
dσcl = d
2b (ϑ) . (13)
For calculating this cross-section we need to find the deflec-
tion function of the particle in the external field ϑ = ϑ (b),
that is the dependence of the particle scattering angle
ϑ = (ϑx, ϑy) on the impact parameter b = (bx, by), and
then to perform the inversion of this function, i.e. to de-
fine the dependence b = b (ϑ) (see, e.g. [2, 14]). In a
complex field, as inside the crystal, the deflection func-
tion ϑ = ϑ (b) is quite a complicated function of the co-
ordinates bx and by. It is substantial that the deflection
function inversion is not single-valued in the common case.
With taking into account this ambiguity, the classical scat-
tering cross-section (13) can be presented in the following
form:
dσ (ϑ) =
∑
n
d2bn (ϑ) =
∑
n
1
|∂ϑ/∂b|n
∣∣∣∣
b=bn(ϑ)
d2ϑ, (14)
where |∂ϑ/∂b| = |∂(ϑx, ϑy)/∂(bx, by)| is the transition de-
terminant from the variables ϑx = ϑx (bx, by) and ϑy =
ϑy (bx, by) to bx and by, with the subsequent inversion of
the deflection function. The summation in (14) is per-
formed over the single-valued branches of the deflection
function.
The formula (14) for the scattering cross-section can
also be written in the form:
d2σcl (ϑ)
d2ϑ
=
∫
d2b δ (ϑ− ϑ (b)). (15)
Let us note that this expression for the classical scattering
cross-section can be easily obtained from the quantum one
(11) in the frames of the quasi-classical approximation of
quantum mechanics, in the case of a single-valued corre-
spondence between the particle’s scattering angle and its
impact parameter.
In the common case the deflection function can be ex-
pressed via classical particle trajectories after their exit
from the external field area (in our case from the crystal).
At small scattering angles this dependence is defined by
the relation
ϑ (b, L) =
1
v
v⊥ (b, L) , (16)
where v⊥ (b, L) is the transversal component of the par-
ticle velocity at z = L. The velocity v⊥ (b, z) is defined
as the solution of the classical equation of motion. At the
particle motion in the continuous strings potential field
(3), this equation, with the precision up to the terms of
the order of O(v2⊥/v2) has the following form [1, 2]:
ρ¨ = −1
ε
∂
∂ρ
U (ρ, z ≈ vt) . (17)
The solution of (17) can be found on the basis of numeri-
cal methods (see, e.g., [11]) for a large number of particles
falling onto a crystal at different values of impact parame-
ters. This lets one develop the procedure of numerical cal-
culation of the scattering cross-section for a particle beam
falling onto a crystal with random uniformly distributed
impact parameters. At this, the probability of the particles
scattering into the solid angle interval (ϑ,ϑ+ dϑ) is de-
fined by the relation of particle number dN(ϑ) that exited
into this interval, to the full number of incident particles
N . The scattering cross-section is connected with dN by
the relation
dN(ϑ) =
N
S
dσcl(ϑ), (18)
where S is the transverse size of the crystal surface on
which the particles fall down.
4. Comparative analysis of quantum and classical
effects in scattering
On the basis of the above-stated methods, one can
carry out numerical calculations of quantum and classi-
cal elastic scattering cross-sections of relativistic charged
particles in thin crystals, and perform the comparative
analysis of the quantum and classical effects in scattering.
We will present some results of calculations for relativis-
tic electrons with different energies in ultrathin Si crys-
tals that are oriented by their 〈100〉 axis to the incident
beam. The continuous potential of the whole ensemble of
atomic strings represents itself quite a complicated two-
dimensional periodical function of the co-ordinates (x, y)
in the plane orthogonal to the z axis (see [2, Fig. 6.16]).
The calculation of quantum and classical scattering cross-
sections in such field can only be performed on the basis
of numerical methods.
In quantum calculations, in quality of the initial state
ϕ (ρ, z = 0) we used a wide wave packet covering a large
number of crystal atomic strings whose axes are periodi-
cally situated in the transverse plane.
The calculations based upon the classical theory were
performed for 107 particles falling onto the crystal with
the impact parameters randomly distributed over the ele-
mentary cell in its transverse plane.
In Fig. 2 and Fig. 3 we present the results of calcu-
lations of quantum and classical (Fig. 2) and quantum
(Fig. 3) scattering cross-sections for ultrarelativistic elec-
trons in Si crystals in the transitional thickness range, at
3
Figure 2: Simulation of quantum (left) and classical (right)
scattering pictures of electrons in 1000 Si 〈100〉 crystal.
Kinetic energies of particles are 5 MeV, 50 MeV and 500
MeV, from top to bottom.
which the channeling phenomenon is still not realized.
The results obtained testify that the picture of angu-
lar distributions of the particles scattered by crystal is
quite complicated, being substantially depending on both
crystal thickness and particle energy. Classical scatter-
ing cross-sections contain sharp edges between the permit-
ted and forbidden scattering angles areas. The presence
of such edges and the substantial increase of the scat-
tering cross-section on them are typical to the rainbow
scattering phenomenon of the particles in external field,
that is explained by turning into zero of the determinant
|∂ (ϑx, ϑy)/∂ (bx, by)| in Eq. (14). Let us note that in the
considered problem this determinant turns into zero not at
some single values of impact parameters, as it takes place
for the particle scattering in the central field [2, 14], but
along some curves in the impact parameter plane. This
fact opens new possibilities for the study of the rainbow
scattering phenomenon manifestations. The attention to
the possibility of such an effect at fast protons scattering
in ultrathin crystal was paid in the work [15] and ongoing
works, for the case at which the particle trajectories are
nearly rectilinear. The attention to the possibility of the
rainbow scattering phenomenon of relativistic electrons on
crystal strings was paid in the works [16].
Unlike classical scattering cross-section, the quantum
one, as our calculations show, contains sharp peaks at
some values of scattering angles. These peaks are caused
by the interference effect at the wide wave packet (plane
wave) scattering on the crystal atomic strings that are pe-
riodically situated inside the crystal. Thanks to this inter-
ference, the transmitted momentum values at the particle
scattering on crystal take the values proportional to the
whole number of inverse lattice vectors g. It is essential
here that the maxima positions in the particles angular
distributions depend on the character of distribution of
the atomic strings in the transverse plane. In this connec-
tion, we can tell that the angular distributions analysis of
the particles scattered on a thin crystal is analogical to
the X-Ray analysis of the crystal structure, but with such
difference that in our case we deal not with single crystal
atoms but with atomic strings as elementary scattering
objects.
The distances between interference maxima in parti-
cle angular distributions are defined by the relation ∆ϑ ≈
2pi/par, where ar is the distance between the atomic strings.
That’s why it is necessary for the experimental discovery of
such maxima that the angular divergence of the particles
in the incident beam ∆ψ be small compared to the dis-
tance between these maxima, ∆ψ  ∆ϑ . For the 5 MeV
electrons falling onto the Si crystal along axis, we have
∆ϑ ∼ 1 mrad (see Fig. 2). The critical axial channeling
angle in this case is about ψc ≈ 5mrad. So, for such en-
ergies the condition ∆ψ  ∆ϑ is quite reachable in the
experiment.
As the full particle energy increases, the distance be-
tween the interference maxima decreases, and the quantum
scattering picture approaches to the classical one. Note
that in the considered range of thicknesses the quantum
levels of transverse motion are still not developed (for these
levels to be formed it is necessary that the particle perform
at least a few oscillations inside the channel). At the same
time, in this thickness range there realizes a substantial re-
arrangement of the wave packet (plane wave) falling onto
the crystal, that is connected with the periodicity of the
atomic strings positions. Due to this rearrangement, the
formation of interference maxima in angular distributions
of scattered particles is realized. Let us also pay atten-
tion to the fact that with the target thickness increase the
values of scattering cross-section in these maxima change.
There is some periodicity in these intensity changes, the
period being of the order of the length l ∼ a/ψc along the
z axis, that substantially exceeds the distance a between
the string atoms (see Fig. 3). This, in its turn, must result
in an oscillatory dependence of electron radiation char-
acteristics in the crystal, and moreover, such an effect is
possible for single electrons. The detailed analysis of such
effects, however, exceeds the frames of the present work.
Note that the structure of the obtained quantum angu-
4
Figure 3: Central part of the scattering picture of 5 MeV electrons by thin Si 〈100〉 crystal of different thicknesses
(indicated on figure). Visible height of visible peaks is in linear scale, color scale is logarithmic.
lar distributions of scattered particles is analogical to the
structure of angular distributions of particles obtained in
the electron microscopy (see, e.g. [17, 18]). In the consid-
ered problem, however, we deal with the particles whose
energies substantially exceed those of the particles used
in the electron microscopy. Moreover, in the electron mi-
croscopy the analysis of the process of particle scattering
is performed on the basis of two- and many-wave formal-
ism. In the present work such analysis is performed on the
basis of the spectral method of direct numeric calculation
of the wave function and the scattering amplitude. This
opens new possibilities in the description of physical pro-
cesses at interaction of high energy particles with crystals,
such as the analysis of transition from the quantum picture
of scattering of charged particles in crystal to the classi-
cal one, the rainbow scattering phenomenon, radiation in
the transitional region of crystal thickness at which the
channeling regime is still not formed, etc. This method
can also be applied to the problems connected with the
electron microscopy.
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